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Abstract
In this paper, generalized center condition and integrability of degenerate resonant singular point for a
class of complex polynomial differential system were studied. The method was based on a homeomorphic
transformation of the degenerate singular point into elementary singular point, which allows us to compute
the generalized singular point quantities and determine the generalized center condition for the origin. In
the end, we obtained the necessary and sufficient conditions of generalized complex center of degenerate
resonant singular point.
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1. Introduction
In the qualitative theory of ordinary differential equation, there are few works about degener-
ate singular point. Most of the known work was focused on the study of the following system
dx
dt
= y + P(x, y), dy
dt
= Q(x,y), (1)
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Q. Zhang et al. / Bull. Sci. math. 133 (2009) 198–204 199whereP(x, y), Q(x,y) are polynomials of x and y with degree no less than 2 (see [1–4]). Re-
cently, the author of [5] studied center problem and bifurcation of limit cycles of the origin of
the following symmetric system:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
dx
dt
= −y(x2 + y2)n + ∞∑
k=2n+2
Xk(x, y),
dy
dt
= x(x2 + y2)n + ∞∑
k=2n+2
Yk(x, y),
(2)
where Xk(x, y), Yk(x, y) are homogeneous polynomials of x, y of degree k. This paper is con-
cerned with generalized center condition and integrability of the origin for complex polynomial
differential system:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
dz
dT
= pzn+1wn +
∞∑
α+β=2n+2
aαβz
αwβ,
dw
dT
= −qwn+1zn −
∞∑
α+β=2n+2
bαβw
αzβ,
(3)
where z, w, T are independent complex variables, aαβ , bαβ are complex constants, p,q ∈ Z+,
(p, q) = 1, n is a natural number. The origin is a degenerate p : −q resonant singular point of
system (3). If n > 0, p = q = 1, then by transformation z = x + iy, w = x − iy, T = it , i = √−1
system (3) was transformed into system (2) and systems (3) and (2) are concomitant each other.
If n = 0, then the origin is a elementary p : −q resonant singular point of system (3). So the
conclusion of this paper is the generalization of [5,6].
The organization of this paper is as follows. In Section 2, we introduce some preliminary re-
sults which are useful throughout this paper. In Section 3, using a homeomorphic transformation,
we transform system (3) into a new system with the origin as its non-degenerate (elementary) sin-
gular point. For this new system, we derived the recursion formula of generalized singular point
quantities. In Section 4, we study generalized center condition of the origin of system (3) and
obtained the necessary and sufficient conditions. In Section 5, as a direct application, we study a
class of quartic complex polynomial differential system with the origin as its degenerate 1 : −2
resonant singular point and obtained the necessary and sufficient conditions of generalized com-
plex center.
2. Some preliminary results
Consider complex polynomial differential system:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
dz
dT
= pz +
∞∑
α+β=2
aαβz
αwβ,
dw
dT
= −qw −
∞∑
α+β=2
bαβw
αzβ.
(4)
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⎪⎪⎪⎩
u = z +
∞∑
α+β=2
Aαβz
αwβ,
v = w +
∞∑
α+β=2
Bαβw
αzβ.
(5)
such that system (4) be transformed into its normal form:⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
du
dT
= pu
∞∑
k=0
pk
(
uqvp
)k
,
dv
dT
= −qv
∞∑
k=0
qk
(
uqvp
)k
,
(6)
where p0 = q0 = 1.
Definition 2.2. To system (4), we call “generalized singular point quantity of order k” of the
origin the quantity μk = pk − qk . If μ1 = μ2 = · · · = μk−1 = 0, μk = 0, then the origin is called
a fine singular point of order k. If for all k, μk = 0 then the origin is called a generalized complex
center.
Remark. If system (4) is a real system, then “μk” defined in Definition 2.2 is “the saddle quantity
of order k” defined in [7].
Theorem 2.3. (See [6].) The origin of system (4) is a generalized complex center if and only if
system (4) has regular first integral at the origin.
Theorem 2.4. (See [8].) To system (4), we can derive successively the following formal series
F(z,w) = zqwp
∞∑
k=0
fk(z,w), (7)
such that
dF
dT
∣∣∣∣
(4)
=
∞∑
k=0
λk
(
zqwp
)k+1
, (8)
where fk(z,w) =∑α+β=k cα,βzαwβ are homogeneous polynomials of z, w of degree k, c00 = 1.
Furthermore, if λ1 = λ2 = · · · = λk−1 = 0, λk = 0, then μ1 = μ2 = · · · = μk−1 = 0, μk = 0, and
λk = pqμk (k = 1,2, . . .).
3. Homeomorphic transformation and recursion formula of generalized singular point
quantities
System (3), by transformation:
u = z(zw)− n+12n+3 , v = w(zw)− n+12n+3 , dT1 = 1 (zw)n dT (9)2n + 3
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
du
dT1
= ((n + 2)p + (n + 1)q)u + (n + 2) ∞∑
α+β=2n+2
aαβu
β+2α+n(α+β)−2n(n+2)−1
× vα+2β+(α+β)n−2n(n+2)−1
− (n + 1)
∞∑
α+β=2n+2
bβαu
β+2α+n(α+β)−2n(n+2)vα+2β+(α+β)n−2(n+1)2 ,
dv
dT1
= −
[(
(n + 1)p + (n + 2)q)v + (n + 1) ∞∑
α+β=2n+2
aαβu
β+2α+n(α+β)−2(n+1)2
× vα+2β+(α+β)n−2n(n+2)
− (n + 2)
∞∑
α+β=2n+2
bβαu
β+2α+n(α+β)−2n(n+2)−1vα+2β+(α+β)n−2n(n+2)−1
]
.
(10)
Accordingly, the origin of system (3) becomes the origin of system (10). Because the transfor-
mation (9) is a homeomorphism, the study of the origin of system (3) is equivalent to the study
of the origin of system (10). The origin is a elementary resonant singular point of system (10).
Compare with system (4), there is the following peculiarity for system (10):
(i) u = 0 and v = 0 are the solutions of system (10).
(ii) The order of every monomial with order higher than one is
(α + β − 2n − 1)(2n + 3) + 1, α + β = 2n + 2,2n + 3, . . . ,∞.
From Theorem 2.4 we have
Theorem 3.1. To system (10), we can derive successively the following formal series
F(u, v) = u(n+1)p+(n+2)qv(n+2)p+(n+1)q
∞∑
k=0
f(2n+3)k(u, v), (11)
such that
dF
dT1
∣∣∣∣
(10)
=
∞∑
m=1
λm
(
u(n+1)p+(n+2)qv(n+2)p+(n+1)q
)m+1
, (12)
where f(2n+3)k(u, v) =∑α+β=(2n+3)k cαβuαvβ are homogeneous polynomials of u, v of order
(2n + 3)k, c00 = 1.
Theorem 3.2. The coefficient cαβ of polynomial f(2n+3)k(u, v) = ∑α+β=(2n+3)k cαβuαvβ
and λm determined by Theorem 3.1 can be determined as follows: ∀(α,β), when [(n + 2)p +
(n + 1)q]α = [(n + 2)q + (n + 1)p]β , cαβ are arbitrary. When [(n + 2)p + (n + 1)q]α =
[(n + 2)q + (n + 1)p]β ,
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((n + 1)p + (n + 2)q)β − ((n + 2)p + (n + 1)q)α
×
∑
k,j
[(
(n + 2)α − (n + 1)β + (n + q + 1 − k)(2n + 3))ak,j−1
− ((n + 2)β − (n + 1)α + (n + p + 1 − j)(2n + 3))bj,k−1]
× cα−(n+1)j−(n+2)k+(2n+3)(n+1),β−(n+1)k−(n+2)j+(2n+3)(n+1). (13)
For any positive integer m
λm = (2n + 3)
∑
k,j
[
(n + q + qm − k + 1)ak,j−1 − (n + p + pm − j + 1)bj,k−1
]
× c ((n+1)p+(n+2)q)m−(n+1)j−(n+2)k+(n+1)(2n+3),
((n+2)p+(n+1)q)m−(n+2)j−(n+1)k+(n+1)(2n+3).
(14)
Proof. From (11), with direct computation, we can get
dF
dT1
∣∣∣∣
(10)
=
∑
α+β=(2n+3)m
unp+p+nq+2q+αvnp+2p+nq+q+β
{[
(np + 2p + q + nq)α
− (nq + 2q + np + p)β]cαβ +∑
k,j
[(
(n + 2)α − (n + 1)β
+ (n + q + 1 − k)(2n + 3))ak,j−1 − ((n + 2)β − (n + 1)α
+ (n + p + 1 − j)(2n + 3))bj,k−1]
× cα−(n+1)j−(n+2)k+(2n+3)(n+1),β−(n+1)k−(n+2)j+(2n+3)(n+1)
}
. (15)
From (15), ∀(α,β), when [(n+ 2)p + (n+ 1)q]α = [(n+ 2)q + (n+ 1)p]β , we can get (13).
When [(n+2)p+ (n+1)q]α = [(n+2)q + (n+1)p]β , there exist positive integer m, such that
α = ((n + 1)p + (n + 2)q)m, β = ((n + 2)p + (n + 1)q)m, and
dF
dT1
∣∣∣∣
(10)
= (2n + 3)
∞∑
m=1
(
up+np+2q+nqvq+nq+2p+np
)m+1
×
∑
k,j
[
(n + q + qm − k + 1)ak,j−1 − (n + p + pm − j + 1)bj,k−1
]
× c ((n+1)p+(n+2)q)m−(n+1)j−(n+2)k+(n+1)(2n+3),
((n+2)p+(n+1)q)m−(n+1)k−(n+2)j+(n+1)(2n+3).
(16)
From (16), (14) is obviously hold. 
4. Generalized center condition and first integral
Theorem 4.1. The origin of system (10) is a generalized complex center if and only if there exist
a none zero real number s and a first integral
G1(u, v) =
(
u(n+1)p+(n+2)qv(n+2)p+(n+1)q
)s ∞∑
k=0
g(2n+3)k(u, v), (17)
where g(2n+3)k(u, v) are homogeneous polynomials of u, v of order (2n+ 3)k, and g0(u, v) = 1,
and the convergent radius of power series ∑∞ g(2n+3)k(u, v) is none zero.k=0
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rem 2.3, the origin of system (10) is a generalized complex center.
Necessity: If the origin of system (10) is a generalized complex center, then there exist a first
integral with the form of (11) and none zero convergent radius. Let G1(u, v) = F s(u, v), we
get (17). 
From Theorem 4.1 and transformation (9) we get
Theorem 4.2. The origin of system (3) is a generalized complex center if and only if there exist
a none zero real number s and a convergent first integral
G(z,w) = (zqwp)s ∞∑
k=0
g(2n+3)k(z,w)
(zw)(n+1)k
. (18)
5. Application
Consider complex polynomial differential system⎧⎪⎨
⎪⎩
dz
dT
= z2w(1 + az + bw),
dw
dT
= −zw2(2 + cz + dw),
(19)
where d = 0. This is the case of n = 1, p = 1, q = 2 of system (3). By transformation
u = z(zw)− 25 , v = w(zw)− 25 , dT1 = 15zw dT , (20)
system (19) becomes⎧⎪⎨
⎪⎩
du
dT1
= u(7 + 3au3v2 + 2cu3v2 + 3bu2v3 + 2du2v3),
dv
dT1
= −v(8 + 2au3v2 + 3cu3v2 + 2bu2v3 + 3du2v3). (21)
Using Theorem 3.2 to compute the generalized singular point quantities of system (21), we get
Theorem 5.1. The first generalized singular point quantity of system (21) at the origin is
λ1 = 5c(2ab + ad − cd)/2.
From Theorem 5.1 we have
Theorem 5.2. The origin of system (19) is integrable at the origin (that is, the origin of sys-
tem (19) is a generalized complex center) if and only if one of the following conditions holds:
(i) c = 0,
(ii) c = 0, a = c, b = 0,
(iii) c = 0, a = c, d = 2ab
c−a .
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orem 5.2 holds, then system (19) has integrating factor J = (2 + dw)− 2b+d2d w− 52 z−3. If con-
dition (ii) of Theorem 5.2 holds, then system (19) has integration factor J = z−4w−3. If
condition (iii) of Theorem 5.2 holds and c − 2a = 0, then system (19) has integrating factor
J = (z6a−2cw5a−2c) 1c−2a . If condition (iii) of Theorem 5.2 holds and c−2a = 0, then system (19)
has first integral F = z2w. 
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